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A scheme for the optimal spatial placement of a limited number of sensors and 
actuators under a minimum energy requirement for the active control of flexible 
structures is proposed. The method is based on the interpretation of the functional 
relationship (transfer matrix/conrol influence matrix) between the actuators and 
modes of the structural system. It is shown that, from the form of the matrix, the 
controllability and observability of the system with respect to differing locations of 
the sensors and actuators can be established. The algorithm presented circumvents 
prevailing problems encountered in contemporary optimal control applications. In 
particular, and in order to enhance the results presented in this paper, numerical 
simulation for a prismatic beam subjected to horizontal random wind loads and a 
simply supported square plate modelled as a single degree of freedom system are 
given to illustrate the placement strategy. 62 1985 Academic Press, Inc. 
INTRODUCTION 
The active control of flexible and other systems, most especially in large 
space structures, has generated considerable interest [ 1, 5,8] as a result of 
the increasing and urgent demand for optimal structural designs. The 
emphasis on the design of active controllers has been to minimize the energy 
requirement for such structures. This invariably implies the implementation 
of an adequate control methodology using some of the concepts in modal 
analysis and control of chemical plant processes. However, there are 
constraints that presently hinder the direct application of these concepts to 
structures such as tall buildings, collapsible bridges, communication towers, 
large space structures, etc. These drawbacks include (i) the problem of 
approximating the full-order system to a reduced order system 131, (ii) the 
problem of control and observation spillovers when reduced order controls 
are applied to full-order systems [6] and (iii) the problem of optimal 
placement of a limited number of sensors and controllers under practical 
constraints such as energy or performance enhancement. 
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The efficient and active control of-flexible structures increases structural 
integrity and enhances human comfort and safety as well as reduces 
potential damage due to impressed environmental loads; it thus offers a 
feasible and economically viable alternative to structural stiffening and other 
ad hoc passive control schemes. 
This paper is primarily concerned with the identification of optimum 
locations for the placement of a limited number of actuators on such flexible 
structures under minimum energy requirement. This essentially is one of the 
key issues which is yet to be resolved in the implementation of optimal 
control concepts in these studies. The approach taken in this paper is to use 
the dynamical relationship between the modes and actuators to identify the 
optimal placements. 
PROBLEM FORMULATION 
The governing differential equation of motion for a generalised single 
degree of freedom (SDOF) system with externally excited forces p(t) and 
control forces w(t) can be put in the form 
[M] k(C) + [C] i(t) + [K] x(t) =p(t) + w(t) (1) 
where boldface indicates a vector and the square brackets enclose matrices. 
In particular [M] is the mass matrix, [C] is the damping matrix and ]K] is 
the stiffness matrix. Equation (1) can be taken as the general equation of 
motion of vibrations of a prismatic beam or for a two-dimensional slab 
which is treated as a single degree of freedom system and in general an n- 
storey building as an SDOF. The state space form of Eq. (1) is now 
- rdrM1 
Xl 
- ,C];M]-1 x2 + II I L 
0 
[Ml -’ (~(4 +WI I 
or 
i(t) = [A] z(t) + [B] u(t) (2) 
where z = (x, X)‘, and [A] and [B] u(t) are as indicated in the above state 
space formulation. It is further assumed that z(t) is an n-dimensional vector, 
u(t) is p-dimensional such that n > 0 and [A] is an (n x n)-state matrix 
whilst [B] is an (n x g>matrix to be determined by the p actuator locations. 
The control policy is to determine the controls 
~(0 = [Kl z(t) (3) 
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where [K] is the control gain matrix, so that the performance index (energy 
function) of the system is minimized 
J= $ \"cz'[Q]z + u'[R] u)dt 
where [Q] is positive semidefinite, [R] is positive definite and t, and t, are 
the initial and final times, respectively. 
The determination of [K] in Eqs. (3) is equivalent to the specification of 
the matrix [B], in Eq. (2) the key parameter for effective placement. 
The problem then is to express the controls at each point and time on the 
flexible structure as a function of the modal decomposition of the responses 
at different or similar points on the structure due to the external impressed 
forces p(t). The coefficients of the matrix of this transformation are expected 
to indicate the optimal placement strategies. This is intuitively related to the 
concept of controllability for linear systems. 
OPTIMAL CONTROLS PLACEMENT STRATEGY 
The control strategy starts with the expression of the control u(t) and the 
displacement z(t) as functions of time and space; thus the control u(z, t) 
applied to a point a, can be put in the form 
u(al, t) = z 2 Kjz’)(b,, t) 
r=lj=O 
(5) 
where the effects of the control at position z = a, are sensed (measured) at 
the point b,(l= 1, 2 ,..., n, ; r = 1, 2 ,..., n,). 
The parameter Kj is the control gain whilst m can take values from 1 to 3 
to indicate the displacement, velocity and acceleration measurements. 
The effects of multiple controls at points x = a,, I = 1, 2,..., IZ,, can be 
taken as the sum of individual control effects; hence 
u(z, t) = 3 u(a,, t) 
I=1 
and therefore 
u(z, t) = -f 2 -f’ KlrizCi)(b,., t). 
I=1 r=l j=O 
This formulation therefore allows for the determination of multiple control 
effects at varying sensors and it is therefore a generalization of Vilnay [7]. 
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Intuitively, the approach adopted in this paper is similar to the formulation 
of the equilibrium matrix where the summands are called the action transfer 
matrix. 
A useful representation for the dynamic response analysis of linear 
systems and for the eventual determination of the control placement strategy 
is provided by the free-vibration mode shapes from Eq. (2). This is so 
because the mode shapes are orthogonal and only a few terms are necessary 
for a sufficiently good approximation for the displacements. 
The displacement zo)(x, t) is expressed as the sum of the modal com- 
ponents 
z”‘(x, t) = 2 z;‘(t) @k(X) (6) 
k=l 
so that 
zO)(b,, t) = =f z;‘(t) Qk(br) 
k=l 
and the control is now of the form 
u(a,, t)= 9 ‘f Kj c 
I 
Z:“(f) @P,(b) 
r=l j=O k*1 I 
or in general terms, 
(7) 
u(z, t)= 9 2 f \"- Klrjz;)(t) @,(b,). 
1~1 r=l j=O kel 
Let up (t) be the component of the control u(z, t) in the direction of the pth 
mode, so that 
u,(t) = 
i 
u(z, t) @Jz) dz 
R 
where J2 is the component space. 
If a single control is located at z = al,, then 
and 
u(z, 4 = 4~ - a,,) u,,,@) 
ii,(f) = I R 4~ - a,,) u,$) @,(z> dz (9) 
(8) 
409/105/l-2 
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or 
where AZ is the integration step length. 
If there are a finite number IZ, of controls sensed at n, different locations 
then 
ii,(t) = 2 u,, (4 @phq) AZ. 
q=l 
9 
Therefore, 
ii,(t) = 2 =f Kj f z?(t) @k(W @P,hJ AZ. (11) 
r= 1 .j=O k=l 
The Laplace transform of Eq. (11) with zero initial conditions is obtained as 
follows: 
ii,(s)= AZ 2 ;: Kj 2 
r=l ,+?g 
sjzk(s) @kcbr) @p(al,) (12) 
k=l 
or 
Up(s) = E f a,,i,(s) 
k=l 
(13) 
where 
E = AZ T -f kjsj 
r:l j=O 
(14) 
and 
apk = %tall) @ktbr)’ (15) 
Taking the Laplace transform of Eq. (lo), 
iqs) = u,,,(s) @p@l,) AZ (16) 
hence 
1 1 
531, =-.-. 
AZ @Jai,) 
qJ(O (17) 
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Substituting for Up(s) in the above equation (from Eq. (13)) yields 
Let 
then 
‘pkr = @k(b) 
(18) 
(19) 
(20) 
which is an indication of the effectiveness of the control component along the 
pth mode on the system kth mode measured or sensed at point b,. For each 
fixed control component up(f), the parameter apk will determine the 
magnitudes of the effects of the modes on the controls, thus indicating which 
of the modes are controllable and the optimal locations for actuator 
placements. 
APPLICATIONS 
The following examples are given in order to illustrate the applications 
and effectiveness of the transfer matrix scheme for optimal placements 
described in this paper. 
1. Slender Beam 
The equation of motion of a slender structure under external horizontal 
random wind forces p(x, t) and generalised control forces w(x, t) is given as 
EI$ [z(x, t) + tlz(x, t)] + m $ z(x, 1) + C g 44 t> 
+ Dz(x, t) =p(x, t) + w(x, t) (21) 
where EI is the flexural rigidity, m is the mass, < is internal viscous damping 
and C and D are the external viscous damping and stiffness, respectively. 
Equation (21) can be reduced to the type in Eq. (1) by using the separation 
of variables method. 
If the structure is a flexible prismatic beam then r = C = D = 0. Also the 
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natural mode frequencies and corresponding mode shapes of the deflection 
curves for such beams are given, respectively, as follows: 
Lli = x2a2i2/12, i = 1, 2, 3 ,..., (22) 
and 
Qi(x) = (2/Q” sin(kx/l), i = 1, 2, 3 ,..., (23) 
where 1, which is the length of the beam, and a = d@/@i are each assumed 
to be equal to unity. The associated matrix [A] = (apk) is infinite dimen- 
sional and is given as follows: 
The coeffkient 
a pk = 2 sinplra, sin kn b,. (24) 
C pkr = c2) 1’2 sin knb, (25) 
indicates that to control the first mode, sensors must be placed at points 4 
and 3 of the beam, for the second mode at points d and i whilst for the third 
it will be on points i, 4 and i. 
The various configurations for controls and sensors on the unit beam will 
now be investigated by computing the matrix (apk). 
(i) Single control at a, = 0.5 and single sensor at b, = 0.5. 
The transfer function matrix 
PI = 
2 0 -2 0 2 ..* 
0 0 0 0 0 .** 
-2 0 2 0 -2 ..a 
0 0 0 0 0 *** 
. . . . . . . . 
For this particular case, the diagonal elements in the matrix [A] are the 
relative magnitude of the control effects at mid-span. The even placed 
actuators have no effect on the even placed sensors. Figures 1,2 and 3 for 
a 11, all and a33 at b, = 0.5 indicate the effects for the 1, 2 and 3 beam 
modes, respectively. 
(ii) Single control at a, = 0.25 and single sensor at b, = 0.25. 
The transfer function matrix 
[Al = 
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1 1.41 1 o-1 * 
1.41 2 1.41 0 -1.41 * 
1 1.41 1 o-1 . 
0 0 0 00 
-1 -1.41 -1 0 1 * 
. . 
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The matrix structure indicates that the 4th, 8th, 12th, etc., actuators will 
have no effect on the corresponding 4 th, 8 th, 12 th, etc., modes. The effective 
placements of controllers can be identified from Figs. 1,2 and 3 for a,, , a,, 
and aj3 at b, = 0.25. 
(iii) Single control at a, = 0.7 and single sensor at b, = 0.3. 
The transfer matrix is 
1.31 -1.54 0.50 0.95 -1.62 . 
1.54 -1.81 0.59 1.12 -1.90 * 
0.50 -0.59 0.19 0.36 -0.62 . 
IAl= 
’ -0.95 1.12 -0.36 -0.69 1.18 . 
-1.62 1.90 -0.62 -1.18 2. . 
. . 
The elements in the matrix indicate the relative weights to be attached to 
corresponding modes; it is also clear from symmetry that the transfer matrix 
remains the same if the positions of the controls and sensors are 
interchanged. 
(iv) Single control at a, = 0.7 and two sensors at b,, = 0.3 and 
br2 = 0.7. 
The transfer matrix is 
- 2.62 -3.09 1.00 1.90 -3.24 -) . 
3.08 -3.62 1.18 2.24 -3.80 . 
1.00 -1.18 0.38 0.73 -1.24 . 
[Al = 
* -1.90 2.24 -0.73 -1.38 2.35 + 
-3.24 3.80 -1.24 -2.35 1.0 . 
. . 
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0 O-l 0.2 03 04 0.5 0.6 0.7 0.8 o-9 10 
FIG. 1. Sensors and controllers placements for 1 beam mode. 
The transfer matrix is skew-symmetric; in addition the 10th mode is 
controllable as the 10th row and column have zero elements. 
(v) Two controls at aI1 = 0.3 and ul>= 0.7 and two sensors 
b,, = 0.3 and br2 = 0.7. 
The transfer matrix is 
5.24 0 2 0 -6.47 . 
0 00 00 * 
2 0 0.76 0 -2.47 - 
0 00 00. 
-6.47 0 -2.47 0 2 . 
not 
at 
The matrix [A] is symmetric and the even numbered controls have no effect 
on the modes. The arrangement and subsequent effect are similar to that of 
control and sensor when both are placed at mid-span. 
In general, the variation in coefficients (upk) behaves as the normal modes 
of the beam and it therefore indicates the effective positions of actuators (a,) 
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FIG. 2. Sensors and controllers placements for 2 beam modes. 
for relative sensors positions (b,). The shape of the dominant modes a,, , uz2, 
aj3 for varying a, and b, are given in Figs. 1, 2 and 3, respectively, which in 
effect summarize the placement information in transfer matrix [A]. 
2. Rectangular Plate 
The governing equation for lateral vibrations of a simply supported 
rectangular plate is given by 
IN4 Z(& Y, t) + P wx, Y, t) at2 = P(X, Y, q + w(x, Y, t> (26) 
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FIG. 3. Sensors and controllers placements for 3 beam modes. 
where D = Eh3/12( 1 - v’) is the flexural rigiduty, E is the Young’s modulus, 
v is the Poisson ratio, h is the plate thickness, p is the mass density per unit 
area of plate and p(x, y, t) and w(x, y, t) are the distributed loading and 
generalised control forces on the plate, respectively. The biharmonic operator 
V4 is defined as 
v4= (-$+$)2. 
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Equation (26) can be put in the form of Eq. (1) if 
z(x, Y, t) = ul(x, Y) z(t). (27) 
For a square plate, the natural mode frequencies and corresponding mode 
shapes of the deflection surfaces are: 
l(m,n) = (D/p)1’2 ([mn]’ t [nn]*), ??I, n = 1) 2, 3 )...) (28) 
and 
ylcm,yx, y) = A mn sin n7rx sin mrry; m, II = 1, 2, 3 ,..., (29) 
where A,,,,, is a constant. 
Now, from Eq. (15), the parameter upk will be 4-dimensional and hence 
cannot be represented conveniently in physical space: 
!Pm~yurx, a rY ) = A m,n, sin n,na,xsin m,xa,y 
and 
Therefore 
Y(m2~n2)(br,, b,y) = A,,,2,2 sin n,nb,.* sin m2zbry. 
a m,,nl,m23nz (arxy aryy b,xp 6.J = G4,,,n,42)12 sin 0, wx sin m, ?.,,I 
. (sin n2 rbrx sin m, nbry). (30) 
Recall from Eq. (20) that the parameter cpkr indicates the most effective or 
most redundant positions for the location of the actuators. For the plate, 
regular partial differentiation for the location of turning surfaces indicates 
the positions 
brx = (2k - 1)/2n,, k = 1, 2,..., (31) 
and 
bry= (2k- 1)/2m,, k = 1, 2,.... (32) 
The values of the parameter u~,,~,,~,,~, for differing configurations of 
controls and sensors are now provided below. 
For the 1st mode in both m and n: 
a,,,,(O., o., o., 0) = 0 
a,,,,(0.2,0.2,0.2,0.2) = 0.1194 
a,,,,(0.4,0.4,0.4,0.4) = 0.8181 
a,,,,(0.6,0.6,0.6,0.6) = 0.8181 
a,,,,(0.8,0.8,0.8, 0.8)=0.1194 
ull*l(l., l., l., l)=O. 
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For the 2nd and 3rd modes: 
%,,,(O., o., o., 0.) = a,,,,(O, 0, 0, 0) = 0 
a,,,,(0.2,0.2,0.2,0.2) = a 3333(o.2,0.2, 0.2,0.2) = 0.8181 
a,,,,(0.4,0.4,0.4,0.4) = a 3333(0.4,0.4,0.4,0.4) = 0.1194 
u,,,,(0.6,0.6,0.6,0.6) = a ,,,,(0.6,0.6,0.6,0.6) = 0.1194 
u,,,,(0.8,0.8,0.8,0.8) = a 3333(0.8, 0.8,0.8,0.8) = 0.8181. 
Other variations in the position of the actuators and sensors are attenuations, 
that is, same shape but different magnitudes, of the values of the above coef- 
ficients. 
The variations also behave as the normal modes of vibration of the plate 
and placement information can be derived similarly. 
CONCLUSION 
A scheme for active control of generalised deflection of structures based 
on the use of the transfer matrix between the applied controls and the struc- 
tural natural modes is outlined in this paper. This approach determines, in 
essence, the most appropriate positions on the flexible and other large space 
structures for the placement of a limited number of actuators. 
The analysis has been applied to a flexible prismatic beam as well as to a 
simply supported plate. The results indicate that the most appropriate 
positions for placement coincide with the largest modal deflections of the 
structure. This is in agreement with the practical expectations, where these 
are indicated by the natural mode shapes. 
The implementation of this scheme is very simple and provides a feasible 
alternative to other optimal control schemes [2,4]. It is expected that the 
results obtained for both the slender prismatic beam and the simply 
supported plate would provide the necessary input for further work in this 
area. Present research efforts focus on application of similar techniques to 
shells. 
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